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I EXECUTIVE SUMMARY

In severely dis turbed propagation environments , the scintillation

st ructure asymptotically appr oaches a form tha t can be characterized by

simp le formulas. For example , the  intensity statistics are accurately

approximated by a Rayleigh distribution . Since the performance of both

coherent and non-coherent systems in a Rayleigh fading environment is

critically dependent on the fade coherence time , the second-order

statistics must also be specified to complete the phenomenology-systems

analysis link.

This report presents a complete treatment of the second-order

statistics of intensity in a power-law scattering medium. A three—

dimensiona l striati on model is used , so that the propagation angle de-

pendence in a three-dimens~ ona l anisotropic medium can be properly evalu-

aled . For completeness , however , the special forms that apply to a

strictly two—dimensiona l medium are also included . Thus, the results of

t he s tudy  are applicable to the Wideband sate l l i te  data base as well  as

t he variou s numerical simulations tha t have been performed .

An iCiportan t finding froM this stud y is tha t the asymptotic behavior

of the second-o rder  s t a t i s t i c s  of intensity under strong scatter condi—

j tions is c r it t c . I  liv dependent on the power— law index . [he theory admits

t hrt .- —d i- - I eusiona I str ia t ion spec t ra l  dens i t ies  of the f o rM q J w here

-~ < :~ < b . W hen -, < 4 , the contribution of l a r g e — s c a l e  s t ruc tu res  is

st rong L~’ suppr ess ed by Fresne l f i lter ing.  When ~ � 4 , t he large-scale

s t r u c t u r t - s  ire on ly weak ly suppr essed , and that the s t r o n g — s c a t t e r  I)e—

havior becins to  show SOMe c l l aracte r i st t L  s of sca t te r ing  in 4 Med iu:-~ that

conta ins a sing le doMinant sca le  si.~e.

-, < , t he second —order stat i St  ics a S M i p t I’ l  i cii l iv approach a

~~r - t I a t  is independe nt of t h e  h-’r~-~ nel ri d i~is , and . 1  si p 1 expressi on

for the f a de  c~ c. - re n L I  t j -
~ e ~~,Ifl be ol ta ined . In light ol data I rom the

t
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Wideband satellite , it appears that the effective three-dimensional

spectral index is indeed somewhat less than 4. Thus , the simp ler asymp-

totic results are applicable. When ~ � 4, the intensity statistics re-

tain a dependence on the Fresnel radius , and simp le limiting forms cannot

be obtained .

A deta iled sunsnary of the results is given in Sect ion VI as is a

I comparison with earlier resul ts based on a gaussian spectral density

function. Under conditions of weak sca t te r , the resu lts converge to the

I weak-scatter forms that were independently derived in Rino and Matthews

(1978) .  The intermediate range between weak and strong scattering must

be t rea ted by numerica l computations or More elaborate asyMptotic ap-

proximations.

I
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II INTRODUCTION

A full treatment of multiple scattering in an extended three—

dimensional medium is now well formulated [see , for example , Rino (1978)

and the references cited therein]. However , it is imprac tical to solve

the necessary vector differential equations numerically except in certain

special cases. Thus , simplified models and/or asymptotic results are in-

variably used to interpret data. Fante (1975) has reviewed the various

asymptotic results that have been applied to laser beam propagation where

isotropic scattering is an appropriate idealization.

Ionospheric scattering , by comparison , is comp licated by the fact

that the irregularities are highly anisotrop ic. Moreover , the ionospheric

outer-scale cutoff , q ,  is sufficiently snv~l1 that the condition

q - Z ~< 1, w here Z \~~~ sec 81(4-i) is the Fresnel area , holds for all

observing geometries at t he lowest frequencies of interest (X ~ 3m).

This fact  can be used to greatly simplify the theory .

In Rino and Matthews (1978) (hereafter Paper I), the weak—scat te r

t heory was reformulated to show explicitly the ramifications of the very

Large outer sca le  £ = 2rrlq . In particu lar , a c losed form analytic ex-

pression for the intensity scintillation index S4 was derived by taking

t he liMit of the integral expression as q approaches zero. The result-

in,~ expression is valid when q f Z  << 1, which is a very good approxima-

tion as noted above .

In t his paper , t ile resul ts for the second-order s ta t i s t i cs  of in-

tensi ty are extended to accommodate strong scattering. The analysis is

based on t he formulation of the gaussian phase-screen model developed by

Goc helashvily and Shishov (1971). The general results are reviewed in

Section III , where it is shown that , to ca lculate the second-order sta-

tistics of intensity, only the phase—structure function need be specif ied .

t 5
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In Section IV of this paper , the limiting forms of the general re- . 
-

sui ts are computed as q approache s zero, as was done in Paper I for

weak scatter. The analysis is iden tical to that presen ted by Rumsey (1975).

For comple teness , however , the special forms for a one-dimensiona l phase

screen are al so inc luded . The scattering from a power-law phase screen

is governed by a single “universal” strength parameter , U, which combines

the effects of perturbation streng th and dis tanc e from the scattering

medium. The relationshi p between U and the intensity scintillation in-

dex is discussed .

In Sect ion V , asymptotic results are derived for weak and strong

scattering . The weak-scatter results were , of course , already deduced

in Paper I. Lnder conditions of strong scattering , the asymptotic forms

are critically dependent on the power-law spectral index , ~~. [The three-
*di.mensiona l SDF has t h e  form C q  for q >~ q].

When ‘-
~ < 1.5 , siMp le asynptot ic  formulas can be derived for the

autocorre lation function of intensity. Indeed , the S
4 

scintillation

index approaches unity from below and (II ’) - 1 = exp [- 2 D ( y) } ,  w here

D(v)  is the phase s t ruc ture  function. ‘L’hie behav ior is demonstrated for

a special case of one—diMensional scattering in which an exact result

has been obtained .

When ~ � 1.5, however , the intensity statistics retain an explicit

dependence on the Fresnel parameter Z, and S4 can exceed unity. This

particular finding is ev idently new. In effect , the behavior of the

scattering for the more steeply sloped spectra (1.5 � v < 2.5)  is transi-

t ional between that fo r  a powe r -  law environment in which large-scale

structures are strongly suppressed by Fresne l filtering (0.5 < V < 1.5)

• a’id a medium doi-~inated by a single scale size where strong focusing can

occur.

The form of the three-dimensional index q~~ w here .~~ 2v + I is largely
historical. The corresponding one—dimensional spec t ra l  index is ~ - 2 =

2v — 1. For scintillation studies , it is the on e— di~ ensiona l phase
spect ra l index , p, tha t can be measured , in LI- r Is 

~~
, p = .2v . Thus ,

if ~ = 1.5 , ~ = 4 and p = 3.

4 
6



In Section VI the resu lts are surnarized and compared to the earlier

results (e.g., Salpe ter , 1967) that apply stric tly to scattering in a

medi um dominated by a single scale size, as opposed to a power-law con-

tinuum of scale sizes. A simple formula for the intensity coherence time

is derived that fully accounts for angle effec ts in a highly anisotropic

medium.
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III  GENERA L RESULTS FOR A GAUSSIA N PHASE SCR EE .\

Mercier (1962) developed a mathematically cumbrous but general

forriu la for the second—order  s ta t i s t i cs  of the intensity f luctuat ions of

a wavefie ld as it propagates away from a phase-changing screen.  A More

compact formulation was developed by Goc lielashvily and Shishov (1971).

A lternative derivations of the Gochelaslivi ly and Shishov result have been

presented by Taylor (1972) and Rum sey (1975). Here we rev iew onl\’ the

principal results.

In t he phase—screen Model , a phase perturbation , ~~(~~) , is imparted

to a wavefield at  sone plane , sac  z = z. D i f f r a c t i o n  e f f e e t s  cause  in—

tensitv f l u ct uat ions (scint i l lat ion) to develop as the wa -ve f ie ld  propa-

gates bcyone Z = Z . t h e  s t ruc tu re  of ifltcn~ itv scint i l lat ion is charac—
U

terized by the correlat ion funct ion

~IU~,z) I(; ’,z)~ , ( 1)

w here I(~~,z) ¶ u (~~,z )L,  i i (: ,z)  is the c o - - p le x w av e f i e ld  at z , and the

ang le bracke ts  denote mathcnatical ex 1)ectz l t iOn .

The f r e e — s p a c e  propagation of R
1

( 
~~~~ z) I ron z to z can be Cd Icu—

lated fron the int~~~r~~1 ex pression the  (ochela sbi ,i lv and ShIShOV (1971)

resu l t:

= ~ ~~~~~~~~~~~~~~~~~~~~~~ exp -iT.~ k/ ~~~d~ d~ (2)

w hcre k 2 I ~. and ~~ 
= z -z . The quanti ty > 1 ( ~~~~~

2 )  

~~~~~~~~~~~~ is the

fourth—order coherence function of the wa- el  ie Id in t b .  p l a n e  z z ,

e vaj u~~t ,d in te r - -- .s of the var iables

4 8
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— I — . ( l )  — (2) —.(3) ~~~~
~z —~~~ p — p  — p  + p 1 ( 3 a )

— (3) l~ — ( l) — ( 2 )  — (3) ~(4)-
a ~~~ + p — p  - p  (3b)

—(4) - 
l- — ( l)  — ( 2 )  ~ (3 ) ( 4 )

~, — -~~p - p  + p - p  . ( 3 c )

two assumptions are used in deriving Eq. (2). First , the sca t t e r i ng

of the principal components of the angular spectrum must  he confined to a

narrow cone a~ out tile d i rect ion oil tile re fe rence wave. Under this assum p-

t ion , t he propagation e f f e c t s  are governed by the f r e e - s p a c e  for m of the

parabo lic wav e equation
4

= -i v~ u ( p , z )  , (4 )

w here ~u/ is the direct ional  derivat ive alan the ) ropLlgation path

(Rino , 1978). Second , >1 . cannot depend on the “centroid ” varian Ic
—(I) l-— (l~ 2~ 

-.
~~j )  —

~ ~~a = + ~ 
- + + p j .  l’llat i.~~~, l’1 , is statistically biomo ~ —

eneous , or independent of where it is measured . Note  that this nei Lher

i:- :p lies nor r e q u ir e s  tha t lower order moments be s t at i s t i ca l  lv homogeneou s .

To eva luate ~!, , the phase—screen model is used to obtain

~I , (  l)~~~( 
,

j )
,
~~~~ 

~~; z )  — (exp{i 
-~~~l~ 

- + .~ (p3
) - ~m (p,) JJ ). ~~

)

If ~~(~~
) is a z ero— m ea n ~w iussian f ie ld , t hen Eq. ( 5 )  can he evaluated by

using the wel l— kno~.n resu lt

~~ezp [xi) = exp [- 
~~~~~~~~

- 

~ 
. (6)

the final form of Eq. (5) can then be con\’enient lv w r i t t e n  in t e r m s  of

the phase s t ruc ture  function ,

D(~~p ..) = 

~~~~~~~~ 
- (~~ ( 3 )

)~~ 2~ , (7)

9
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= exp[~~~D(~~~11) - D(~~p 13
) + D(~~p 14)

- D(~ p ,,) + D(Lp 34 ) + D ( L p 23 ) ] ~ . (8)

By making the appropriate substitutions from Eq. (3), it follows

in~iedia telv that M , does not depend on a~~~~. Moreover ,

—( ) - . (31  — ( I)  —• 3) 1 -
~~~ ~~ 3 )- , -~ - , 0 ;z ) = exp ~ D . a ) + ‘)( a ) - -,i. (c~ 

— 
+ a )

- ~ D ( a
( 2 )  

- ~~I3 )  
~ ( 9 )

Thus , the homogeneity o~ M fo l  lows f rom the assumption that the struc ture

tiunet ion depend s only on the d i f f e rence  variable 1~~ . .  . It vi 11 be shown ,

how e- cr , that because of the symeie Lrv of tlie var ia b les  in Eq. ( 9 ) ,  Eq. (2 )

is w e l l  de f i ned  even i t  1)(~~~) does not exist.

The spec t ra l domain ve rs ion  ot Eq. (2)  t akes  a par t i cu la rly  simple

By d i rec t  co po Lat ion

~~( )  
~
,[fRi

(LP) e xf  ~i( 
. j

exp [-i~ ~~ d~ . (10)

By substituting Eq. (9) into Eq. ( 10), one obtains

-i f f ex p - g( ~~,~~~) i  xp [- i ~T . 

~
} dF , (11)

whe ic

= D(fl + I)(~~) - ~ D (~ + ) - ~ I )( ~: - , (1 2)

-.-,hich i- the principa l resul t  tha t wi ll  be used in later sec t i ons .

To i nves t igate  t h e  genera l  behavior 01  g(~~,~~) , t ile spec t ra l  repre—

sentation ,

4 10
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1)(~~) 
=ff [l - eos (~~ ~ )] ~~~ (~

) d~ / ( 2~ )
2 

, ( 13)

can be used wher e ~~~. (q) is tile two—dimen siona l phase SDF. If this fo rm

is subs t i tu ted  into Eq. ( 1 2 ) ,  after some straightforward manipulations ,

one obtains t ite equiva lent representaLio n

g(~~,~~) = 
8fJ~~ 

(
~

) s in 2 (
~ ~ / 2 )  sin 2 (

~ ~ /2 )  dci (14)

From the form of Eq. ( 14), it follows that if ~. . (q) ~ q ’, then g(~~;~~)

is w e l l  d e f ined as long as 2 < a < 6 . From Eq. (13), however , it is

cle ar that tile s t r u c t u r e  function itself is only defined for 2 < a < 4.

to carry the development one step further , cons ider t h e  special

case  in which g( , )  — K  I b r  all sigili f icant  - values, the necessary

condi t ions are s t a t e d  in Sec Lion 2. liv using the approximation

ez p  — g - I — g ,  subs titu ting from Eq. ( l .) ,  and fina lly using the

ident i ty  sin~ :~ = (I — cos x)/2, it t o l lows from Eq. (11) that

- ~~.:) + 4~~~~~(~~ ) sin -
~~ ~ / ( 2 k ) ~ , ( 15)

~‘hii cit is the we II known weak — sc .1 t IL r resu l t

to mi - m a r ize , in t h e  auss ian  p h a s e — s c r e e n  model , the in tensi ty  SDF

can be computed by e ’ .l luat ing a single integral , Eq. (11). Only the

pha Ce H L Cli c t. I c .  function need be spec i fied for the colupu tat ion. h owever

t ile di :  a c t i o n  e l t e c t s , in con hu f lC tion  w i th  the size dist rib i.i tion o f  the

irregu larities , are c omi) le t  I iv citarac ten ~ed by t i lt  function g (~~ , / i/k)

:h~q. ( 12 ) ] ,  w hich is uS- ii defin ed independentl y 01 an o u t e r — s c a l e  c nt o l  f

or p hia ~m- Sl )V- - 0) the I orm q ‘ 

~-.i ib 2 a < h .

14 Il
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I \ SCA TTER IN S FRi Cl ’ POWER— LAW ENVIRON MENTS

In S e c t io n  [II, Wi ’ showed tha t t h e  second—order  s t a t i s t i c s  of in-

tensity arc co: pl el e lv cha rac te r i zed  by t ite function g(~~,~~) , as def ined

by Eq. 11 in t e r - .s ot the phase st nll c Lure function. If the i)ou L- r— law

model in Paper I is  used ,

~bC

12  1 - + 1/ 2  
(16)

+ q j

w ite r e

= r~~T L sic C (17)
P e S

and

q = Y C  + B ’ ” C  + C ’~~~
2 

. ( 1 8)

h i t e  c oe l~~~c ie nt s  A ’, B’, and C’ .ire d e l  m e d  in Paper I (Eq s. 2Ia , 2oh ,

and 2uc  ) . the three— il i: ensiona 1 irre gularity SDF has the sdMe form as

Eq. ( lu ) , e x c e p t  t hat  abC is replaced h\’ C . rIte pa r a m e t e r s  a and b are
P 5

a:-:ial rati us a lon.I and L r a nsv e r s e  to the pr incipal i r regu la r i ty  a x i s . A

comp le te discussion of this odd is ei-cen in Rino and i-’remouw ( 1 9 7 7 ) .

‘1 the general b r  - U t  the two—d ilensiona 1 p hase SDF corresponding to

Eq. (16) is

CC q 
~

R
~ :

(Y) = 
+ l/2~ 

K 111 (q v)/q~ 
-l 

, ( 19)

where the h O ”  i t r ic I ac ton  i ; is def ined by Eq. (10) in Pap er 1. Hereafter ,

we sha ll con - ider univ i so t rop ic  i r regular i t ies  (a = b = 1). The geueral

case i~ ehE . 1 1 re t  ri eyed by re int roducing C and in te rpre t ing  \‘ appropr iate ly .

By U- . L H C  t he s - a l l — a r g ume n t  t i o r ’ t l l a ,

K 11 2
(x) 1/2 ~~~~~~ - l / 2 ) Ix / 2 l~~ 

-1/2)

4 
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it is readily shown that

C ~~(v  - 0.5)
R (O) = p 

‘ 1  ‘ 
(20)

4nF (v + 0.5) q;
J~

For comp leteness , a one-dimensional phase scr een fo r  whi ch

C ,

~ (q) , , (21)
1 2 2

+ q ]
C ’ q y  2

and 

= 

~~ 1)!2~ ~1~I K 1 
(q y)/q~~~ , (22 )

C ’ FV - 1
)

K ’ (0) = 
p - 2 

1 
(23)

21m1’(p/2) q~~

will also he considered . T u e  one-dimensional model is appropriate for

propagation across highly elongated irregularities. The relationship

between p and v is p = 2’~~.

Whenever the phase autocorrelation function (ACF) exists , the phase

structure function can be written as

D (Ap) = 2rR (O) - R
, ,

(Lp)]  . (24)

Thus, f rom Eqs. (19) and (20 ) ,

‘-- -1/2q y
C 1 (\ - 0 .5) 1 - 21±1 K 112

(q y)/7’(v — 0.5)
1y \  P V 0 (25

2~ ~~~~ + 0.5)  2V — lq
0

4 
. 
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and
( p — l ) / 2

C’ - 
1’ I~ 

~ - 2j ±~ K - ( c j  y ) / ~~( P 1
)p - - (p-U/_ ~~ - —

- - ~ : 2 1

.-\- q approaches zero , th e correlation functions K - ~~y ) ~ :id R~ ( v )  be-

cone sin iar. h i O W i \ t F , for a l im ited range 01 ~ and p va lues , 9 ( v)  and

9 ’(v)  remain we ll def ined .

The i ini~ in fo rms of  9 (y )  and D~ Cv ) as q ap prua ih ie - - se ro  art lo~
imediate . since 

q 0  
I) ( v)  = 0/0 . T httis , one app i h i s  I.’iiosp i t al ‘s rule .

~‘he rehv t i te  1 m i t  ~s obtained as t hit’ 1 imi t o f  t it e  rat io o

denivat  j y t ’ - o f  the numerator and t h e  deuomitt ator. The r es u l t s  i i & ~

- 1/2
i_i y

- 2~—~---— I K , ( - I  \ )  v
IL IL I) 2 — / 2 o -

9 ( y )  = _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _  — -_ _ _ _ _ _ _

q — .0 ‘ ii O 2 ~~~l~~~+ ) . t
o ( 2u  — 1 q

2 1 .3  - vi 2 -- I
= 

‘ - I H- — 
- (~~~ + 0. h) 2v - 11

and

q

’L ’
o 

9 ’ ( ) I 

I 

0 J
-

~~ & 1 - I - ) - I) ~~~ 
- I

It I oil ows I 
~~i 

I • 1 27  and 2 —  1 r l i L  R r ‘ l i e  t - — ~. i - I -

are we ll d . b i n ’ d  , i .  ~ - 
a~~preuc I i’  ri rt , . ion~ 1s (t • • — 1 . m d

1 < p ~~~~i.

How -n . it m M  ~~g ~ ~ 2 - ’ : t i -  [ [ t i i ~~ a . ) - ‘ e l i  (t .~~~ j~~~~ t h

beyond ‘
~ = I . . - 1 r ‘‘ . ( - ) I H 70 — I i  ‘ ° 

- r
Ik- t ice , the ‘-to t - i- e- ral s i t i n g  I c ’ u : i - I - a t  a i d  - 

~-d i’ , su 1’’ - t  i t !  m g
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Eq. (27) ~‘r 2 8 )  into Eq. (12) . Two method s of avoiding this di lej una have

bceti iii H i  I I S Se O  by g1 5i ’\’ ( 1 ) 7 5 ) .  the most straightforwird pr ocedure  is

to app l\ I i~~ fin i t t  q b U r l  of 0(y )  or ~D
’ (v) I and use 1 ’Uosp ital ‘ S

U h e  t~~ e\’fl l a t  t -  t i l t  I i5 li ti I~~~ lorIs of g(~ • ‘) .  Thus ,

- -  

~~ I/2  

~ - • (~ 0.5)  [2 I c i o~ l / 2~~~
1
~~ K 11 2

(qy
1
)

-I 2~ q v 2 / 2 ~ -1/ 2~~~o~ 2~

- q viz ~- 1/2 ~ 
- -  l/ d oY 3

)

- q v  ~/ 2~ 
~~ ~ 11 2

(q v )]
J 

/ q

2~~~~~~~ 
, (29)

w~m r e v
1 PH 

~ 2 
~~~ y

1 
-

~~~~~~~~~‘ 
and y  t

~~ l. A sirti lar ex-

‘ ress iu  c - i t h~ g~- t a - r a t c d i o n  g
’
C • ? ) ,  To eva luate  l- :n. ( 29) and the

L or n i  spotI di lig t-vp r~-ss1on on g ’ ( •
? ) •  L ’ hiosp ital ‘ s r u le  must be app l ied

t w i c e .  rh~- l’ l ’ S t l I t S u t  this L o - y l t a t  ion a n -  im: iat’ized in Table 1.

t h e  re t 1 t ~ in f i Hie 1 t o n  b b  ~~ I ag ree w i th  Rumsev ’s (1973) Eqs.

I !~~~~
) mad (li ) to n 0.5 • - - - ‘ 1.5 , but not or 1.5 < - - < 2.5. t ite limiting

t o  rh-Is of g( ~~. ) ‘r v ~~ 1.5 and -
~ > 1. 5 t-annot he s i - p ly combined . A

t e r -  h a s  - i deni lv b~-~’ti o t t  ted in Ru sc\ ’  ‘ 5 e o - p u t a t  ion for v I. S
‘ I , - .) . In my ~t , = 1. 5 - arks an important transit ion in the c a t —

t i  1 in - - - 1 : 1 - i , which  will h~- shown in Section IV.

ho i Ilu t n a te  the --j i l n i t i ca l lee  0) these re s u l t i , let

C(~~)~~~~~~~~
U 

~ h r  Eq. (11) whene

— -~~~~ -- - ~~- —~~-—--——---- - - - - -

—~~~~~~~~~~~~~~~ _—_ ---. — -—---— -- -‘— = -
- -.—- ——
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¶ 
. ( l . 5  - a)  

‘a- i 
0.5  < a < 1.5

1 (0 .5  + a ) ( 2~ — l )2

C
C(a) = -~~ — = 1.5

C -1( 2 . 5  - 54/ )

-‘a- ~

~(0.5 + v)(2V - 1) (2a — 2)2~ 1.5 < \t < 2.5 ( 30)

Then , with an appropriate substitution for q,

C(a)l/ 05) 
~1
((~ O C(v) (2 U) =

ffex~I-ui(~’~ ~ /k  C(’~)~~~~~°~
5
~ ~~‘)~ 

cos (
~~~

‘ ‘ ~~
‘)  d~~~

’ (31)

w here

~~~~~~~~ - ~~ 2a-l 
~~~~~~~~~~~~ ~ ~ 1.5

h(E ,~ ) =

- log - 
0~ 2 log IC’l + l/2l~~ -~~~~ 

log

+ l/2 [~ + ~~l
2 

log + = 1.5
(32)

The form of Eq. (31) suggests the definition

U = (~ /k)~~
°5 C(a) = C Z~~

0 5  F(~
) (33)

p

where

z = ~
‘/4— (34)

- 
- and

= 2
v 0 .5 C ( a ) /c  . (35 )

p
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The re a -~on for i nt r o d uc i n . the new d e f i n i t i o n s , Z and F( a)  , will become

clear she ’ri Iv .

it t s  t ollows that Lii - second—order statistics of intensity are

compl ete I~ ciiar ,ic teri z~-d ‘v the integral

I (e~~I’) 
~~~~~~~~~~~~~~~~~~~~~~~~~ cos • ~ ) d~ ,

r i. -
~i Ian 4 , for  Lb le I/ h i — d i  nsi on1s 1 phase sc ri en

1 ‘(q / 
;U ’ i .1” q ) Fos 

(çq ) ~~ ( 37)

i oh - hp le te l v  s p e c i t  It ’S  t hte second — order  s t a t i s t i c s  of intensi ty,  w here

U ’ (~~/k )~~~~~~ 
(- ‘(p )

= C ’ ( L) - l ) / 2  F ’ (p )  , (38)

( I - 3 - H -

- 

1 - 1  
I < p < J

- (p/2 )(p-I)2 1

I) 
P =

(5/2 - I ~ 3 < p < 5  ( 39)
!(p/2)(p-I) (p-2)2~

and

= 2 (p-I ~/2 l~~~~~~/ )
.~ • 40 )

F 1 n- d~- f j n j t  l o b  ti ’ ( , i is rea di ly ded i t e e t h  f n /~: h : l ah i e  .

4 
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The single parameter U determines the general behavior of the second -

order intensity statistics. In Section V asymptotic results will be de—

ris’ed for weak-scatter conditions (U ~~< 1) and strong scatter conditions

(U >> 1). Bef ore doing so , however , it is instructive to compare the U

parameter to the intensity scintillation index S
4

rs~ R 1
( 0 ; z)  — 1]

Paper I showed that for isotropic irregularities

/ - - 0 5  ‘\  -)
= C Z~ 

‘_ 
- I- (41)

~ 2 ( -~-0 . 5) ~~~~~~. J )

f ht us , f roth ;  Eq. (33),

- / . 5,

— I  /

S~ = U . (32)
-f 

2~~~

oi--h ilanlv , for ti le one—dim ensional phase— screen ,

I I 2’H
~~~~) 1

ST = U’ 
- I . (4 3 )

( il - i )  - 
1 11. 1 ( i~)j

For hi i l x~ d - s - ; 1 ; i e  o f  -- ( ‘ n  p ) , S~~ and U all - b it  the sat -~e funct ional  de pendence

a:’ -‘ . ( ‘MC- : Cr  , th - func t 1 ot’a I ii i~~~ endenc es oil 57 and U on a hire
p - 4

rad ic -ill v d t f t -r -n t .

k nob - ;  Eq. 5 -
~ - ( i t  fo l io- s that S i-; a iont it tuou - - onoton ical lv in—

- Iunc- t ion of a • lb/ i s happ en’- 0cc t; se ~1s Lhe s lop - of  the phase

-;p i -c t r i m  H t - ’i- p t n;; w i th C 
/ 

f i x ed , the :; p ee t r~ ~l inti -ns i tv of wa\ - - -nu; - b~- rs

conni -bp ondi ;t .h tu L he Fre :-i;el radius rapid is increases relative t o  t h e

a 11cr—sea It’ St r I L  turcs . ru e  iT) 4 1 b J ’ t’t er [2 , by o; panison , is sharp ly

4 19
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discontinuous at v = 1.5 [U ’ is discontinuous at p = 3 ] .  This is il-

lustrated in Figure 1, where S~ /U is plotted as a f unc t ion of a ,

In Section III it was shown that Fresnel filtering suppresses the

influence of large-scale structures in intensity scintillation as long

as V < 2.5. The behavioral transition at v = 1.5 can be interpreted as

a boundary between reg imes in which large-scale structures arL - strongly

suppressed (v < 1.5) and those in which they are weakly suppressed

(‘
~ 

> 1.5). The asymptotic behavior of R
1
(~ p;z) for large U is vL- ry  dif-

ferent in these two regimes , as we show in Section V.

I
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V ASY ~1l’ FOTlC RESULt S FOR LARGE AN !) S~1ALL VALUES OF U

Fi’llowin~i the work of C ci;etashvilv and Shishov .1971), a number
of authors have deris’i-d asymptotic formulas for ~1

(~~~z) and/or R
1
(~~p; z)

by using sen t-s expansions of q ; ”.) (e.g., Tay lor and Infosino , 1976 ;

Buckley , 1971a , 1971b). Difficulti es can arise , howe -cr , if g(F ,~~) is

def ined in terms of an implicit st ructure function. I-’or example , moment s

do not ex is t  un less an inner—scale  cu to f f  is int roduced . To do so , how-

ev er , does not give physically meaningful results , since the basic intc—

gral Eq. (11)] is w~-1l define4! independent of either the [art n— cc ale

or the outer—scale cutoff.

l’roper t reatme nt  of Lbii S problem d emand s tha t s4 - i ’ t e S  appro;;jm-ltion s

be applied to Eq. (32) directly , as Rumsev (1975) dii for the spec ia l

case of a = 1 (~ = 3) .  First  note that i;(~~ ,0) = U irr~-spe Live of  a .

Hence , for sufficiently small q,

~~~~~~ - - 1 - 
h(~

’
~ U q ) . (44)

Substitutin g Rq. (44) into Eq. (36) g ives  the - I -L a Lied lOb- - 1  - [2 i e - n c v

ap~t rox i ; - ;a t i i’n

= ~~(~~
‘
) ff;;( :: - 

‘ ‘ 

~~)c ss~~~ - :‘ )~~:

• - - / - i - 
- 5 ‘4 1_ 5 - 1’ / t~~~O . 5 ~2= ~~q ’  ~ t - ( a )  q SLI1 - 

‘
~ 

/ 2 )  - ( - 5fl
/ /

Note tha t  t i~ ~i’odiic t C ~- s  a 
— I 

~~ ir is  It of I,

flit - l ow— fee /pIt - IL L - [2I~~~... -~~LI • . ;  ~~~~~ e~ q ‘ C - u- —

L I / i - - iS - -ss ,- , it j - d t ~ ‘~~( I i  , ( ~~~~i t t  t ’  CO~~( I : ( . / ~5 ; ~5 b / S / / ~~’t,’~~~~~

2

4 ~~~~~~~~~~ ‘e- - ,

~ 
- - - - . - 

~~~~~~~~ -4 - 4.
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when = ,/3 (r -~ = 11/3) . t h e  situation is more comp licated when ~ >>
For a ~ 1.5 and ~-~N tb ;t - starting point is

I (a - 0 .5)~~
2 + 2 (a - 0 , i ) y - I .5 ) ( ~

y
3 2 ~~ 

(46)

where ~ = ~/ j ’ fl . O I t ! s~ L’ Lt1 ;b t he t e nms in Eq. (46 ) and rt - ta ininR only

the L t r w - s t  o rde r  t e rms  in ~~
/ ‘  gi\t ’s t h e  ri-suit

2a-l 0 .5 < a < 1,5

(2~ -LY~~ + (.2~ -3)(E i )~~ 1.5 < a <2.5 . (47)

For a < 1. 5 , the ;i~~h—f req u~- ;icy appr~’a i - hithiOlbi ta kes  thit~ particularly

sibb l) Le fo r;

~~~~~~~ 
=ffexp~~ 2H2~~~ }cos (~ 

. $ ) d~ . (48)

t fol  Lei- .’~ f r ’ - - : [2q. (4 8 )  that I~~~( q ;  I’) c t ’n— ,- e rg es  rapid 1~’ to zi-ro for

q >> I. Thus , if U’ << 1, the ‘u 1k of the intensity SDF is contained in

t he low— i l r~~qu- - ;;e: appr -h L Md t L~ a . FOI U >> 1 , q is vt -nv small , and the

bulk it Lh~ i n t e ns i ty  SO F ( -. - le t - pt  the s iugular i t\ -  at q = 0) is contained

in t h e  iii - h — f r e q u t ’n -y a p p r s ’ z L -  at  len.  Ilil s ,

I~~1J~~J )  U ~~< 1

1( q ; U )

) I
111

(q;U ~ 
I’ m> 1 . (49

[‘his - ;~l:i - -r is nic e l y  i 1 lus teat id by the OUt — i i ! s hisiond 1 hOt !  el

with p = 2 ,  wher5 in L ;s i ;U) can he evaluated exactl y . Indet- d , for 
~ 

= 2

= 

H H

Ii > ~‘7~ . (50)

23
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By substituting Eq. (50) into Eq. (34 ~~, it is readil y shown that

I. q

I’(q;L”) = ~ (q) + 2 

J 

exp f - 2 V 1 1  cos (q~ ) d~

c (q) + [8 
:in2 (U ’2 q

2/2) 
+ 

2q sin (~~ r
12

!~~~
!)j exp

4+ q

+ 
2 [i 

- exp ~~214~
L I~ I1] . (5 1)

4+ q

For I’’ -c-- 1. and q small , the first si :i
2 term dominates Eq. (51~ in agree-

ment a-ithi t h e low-frequency approximation. For U’ >~~ 1 . the third term

dominates and there is ia fur ther dependence on U~ T h e  second term in

the square brackets is significant onl y in the intermediate q range- .

liv Using the- high— f requency approxi:  - :dtion it is t-asi ly shown that

f o r  large t’

exp [ - 2H ~~~~~~

1
) + 1 . (52)

In t e r m s  oil the ori :i:i,i 1 :ani1ii’ 4 - - -

R
1

( v )  - 1 t- :-:p ~~_ 
~C a )v 2 ~ j

= e:-: I ’ ~~ 
1) 6 ) : -  (53)

r see Eq. u 2 fl . It lol ls ’l-:s that R
1
( 0) - I appr iches Lul l th Y a5  U

become- s a r b i t r a r i ly  lange. : /~rco- 4 - en , upon r4 ta i l i ng  Bi c- ,~ lv ’ s ( I

r -ui It i4 ’r a gaus.- tan phase screen ,

= cx - v ) 
J 

, /

it t o ll ” 4- - fr ti:- - Eq. (53) that /11 ’) - I ri ; i ’~~ ~~
, - i( ’ - l in Is U ‘ ee / ’ r - t -s

- i r b itrari Ly l an g -

4 
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If u = x + iy, where x and v are uncorrelated , equal-variance

gaussian processes , then it is well known that I = 1u1
2 is Ray leigh

distributed and (II ’) — I = 
~~~~~~ ~loreover , t h e phase of U is uni-

formly distributed . Now , while Eq. (53) alone cannot guarantee uniformly

distributed phase (modu lo 2~’i) and Ray leigh statistics for intensity , cx—

perimental results (Fremouw et al., 1978; Rino, 1978) suggest  that the

Rayleig h model is a SOOt! approx imat ion .

For a > 1.5 , the high—frequency approximation see Eq. ~47) is

considerably more complicated . In particular , 1111,(q;l’) nt’tains an

explicit dependence on U such that numeric computations must be used .

Intuit ively , however , it is c it -ar t hat as a i n c r e a s e s  i roit; 1.5 t o  2.5 ,

the i n t e n s i ty  s t a t i s t i c s  tend to behave sore like Li i i ’ medium is being

dominated by a single scale size , es-e n though strict lv speaking the outt -n

scale is not important until a exceeds 2.5.

When a single scale s LZ e is tbominant , strong focusing can tie-cur

(Pisareva . 1958 ), which causes S, t o  exce t ’d unity . The form of

U) tor  -
‘ > 1.5 dt’t’s not exclude this f rom happening in a power— law

environment , a 1 though the conditions that lead to S, I have generated

some c o n t r o v e r s y  (Rumscv , 1975; lay b r  and Infosino , l)7b)
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VI SL’>1~U\RY AN D DISCUSSION

In this paper tile power— law p h i a s e — s c r e t - n  model has been generalized

to accom modate strong sca t t e r i ng .  l’ht’ il lteFlSi tV SDF ~- 1
(q) was deri’,’ed in

terms of a sing le- integral expression I(q;l’):

= C(a)~~~~~~~~
’’
~ C(~~)

1
~~~~~~~~, I-] , (55)

wht - ri

= ~~~ a-O .S F ( a )  (56)

has t h e sd: e functional form as the weak—scatter tn :- iula for t h e  se-m t 11—

lat tori index , S, . Rt-cai 1 that C 1 (L st-c e ) C ; whert’ C is the
4 - i S S

stnt’n -g th —s ’f—tur bu lt -nc~ - as defined by Eq. (7) in Paper I. In gen~-ra l

~ ~~~~ 
d~~(2r ~) ’ - I , (57)

whereas for U <-s 1 ,

2 . 5 — a -

5 . c z ‘ 
- ,T , ( 55)

P 2 - —  ( - ~-0 . 5) ~~~~~~~~~)

where is defined hv Eq. (3/) in Pa~’t -r I.

It wa~ shown in Section IV that as long as a dot -s not lie in t h e

range 1. 4 < a < 1.5 , then 5 > I’ , where 57 is evaluated using Eq. (58).

Thus , t he weak— scatter condition U <o I nt ’t’( h not require Ihat S U -  1.

This is consistent with t ile e:-:penie-nct ’ of most experim i- r ita lists , ;l amt - lv

t hat the w~-ak— scat t i-r 5, I / ‘r ;- :u Ia accurat ~‘ lv reproduces thei i data , i-vt-n

• 
for moderate lv lange scintillation levels.

As a approaches I. 5 , F(a) approaches infinity. The a = 1.5 pt ’int

::arks an important transition roe; a scintillation se ha - ,-jon regime in

which the contrihut ion of structures larger than ti’e Fresnel radius is

- 4  2b
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strongly suppressed (a < 1.5) to one in which the contribution is only

weakly suppressed (a > 1 . 5 ) .  When a < 1.5, the phase- -structure function ,

f e c  examp le , is well defined in the limi t as the outer-scale wavenumber

approaches zero .

in Section V an asymptotic ana lysis of I(q, V )  was pe r formed for

large and small q values. For U << 1, the low-frequency approximation

- . 
~ (~~

) + 4Cq ’
~~~ sin 2 (Zq ) (59)

accounts for all significant Fourier compone nts .  As U increases , t h e

hiit~h— frequency approximation accounts for all the si gn i  ficant Fourier

componen ts , exct’pt the delta function at q = 0. The form of the high—

f requent-v approximation , hiowes ’er , i s ’ ,’e ry cr i t ical ly dependent on

a < 1, 5, t he hi -g b i— t l requenc\ ’  approxie-.ation is independent of U.

l’hus , under conditions of st rong  sca t te r i ng , the i n te n s i ty  statistics

on - - t r e e ; ul t i  - a te l v  ther e- is no further change with increasing Z. When

t I lL::  happens , a si::p le analytic fo r : -.: for ~1
(q)  cannot be obtained . None—

t hi ~’le s, t h e  i n t e n s i ty  co r re l a t i on  funct ion takes the ;ianthicu [ar t \  simple

form

e xp t - D I v )  (60)

where 

C - ~
1-

~ — I
D( v )  C —~~~~—~~~~~~~~ I~ i - a )  

i NI (61)

alu atts hi - t i  L o b a l  i nt i ’eo rn t -1~;t Lou t r n c t  ion ol i n tens i ty , y is

re - p lace d by v 
• , wI ; it ’ v - is det  hued iv Eq. 1 I 3) in Paper I. Thici s ,

e i f
if — is d~’ I m it1 to he lie tb- ic t b / i L  it it-ri to di ;i~~

- e an intensi  ty d ie or—

r e - l i t  i - s  ot  e - t b - - n

I - - 5’2. s I . i—  ‘ 1

~~ -~~ il 
m; . ~6 2 )
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The formu la becomes meaningless as a approache s 1.5. For a 1.5, no

simple formula such as Eq. (60), exists and numeric computations must

be emp loyed. Indeed , in that case T
1 
will depend on Z, as it does under

condi tions of weak scatter , in which there is also no simple formula .

It is instructive to compare these results to the earlier results

for a gaussian phase screen with a gaussian ACF of the form exp [-Lp
2
/r~}.

For the gaussian ACF , the rms phase 
~ 

can be computed from the expression

-) 
‘ 2 ~ -3/2

= r~~, (L sec ~ C u.N )  2rr r . (63)o e e 0

Under conditions of weak, isotropic scattering (‘
~ << 1)

2 2 2 2
5 , 2~ 1 - cos (2X z/ (rrr )) . (64 )

If )~z/r
2 

<< 1,

- - 

2 ;(~~~~4) 
, (65 )

which is similar to Eq. (58). If , on t he other hand , -,~~/r~ :- -> I ,

I I
S~ 

- 2’, ’ . (66 )
‘4 0

‘1
Moreover , Mere-icr ( 19 62) has shown that the intensity statistics are

Rician in this lim it. Cv comparison , in a strict power-law environment ,

‘,z cannot b - increased indt’fi nitely withou t S, approaching unity. Put

• anothe r way , in a strict power-law environment one always encounters

strong scatterin g with increasing distance- fro:-: the scattering reg ion

hefor t - S _
i sa tu ra tes  independent of ‘

~~~.

Under conditions of strong scattering , the relationship (II ’) - 1

exp [—2D (y) ~ where

D ( y )  = ‘;
~ (1 - exp [-y

2/r ”}) (67)
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will ultimatel y app ly. However , it is known that when t.
0 
‘

~ 1 and

I , (68)

wh ere Q4 
is the fourth-order moment of the gau ssian spectrum , the scintil-

lat ion index S, exceeds un ity (Sa l peter , 1967). This is t h e  strong focusing

effec t. This phenomenon has a count erpart in a power-law medium . However ,

since neither 
~ 

nor Q exist , tile strong focusing condi t ion cannot be

simpl y characterized as with Eq. (68’,.

The scintillation Ii~-has- ior in a gaussian ACF environment is con-

venient Iv sununarized in diagram foci-i , as was done’ init ially by Co hen et

al. (1967). Figure 2 , the usua l representat ion, is reproduced fro m

Singleton (1970) . Regions 1 and II correspond to the near and far zones ,

respt ’c t ive lv. Region III is the “fully modulated” or saturation region

where S . is un i ty  and the relationship (II ’) — 1 exp ~— 2 D(y) } hold s .

Region IV is the stroiig focusing region where 5, > 1.

In a strict power-law environment , b~’ comparison , there is no

characteristic scale size akin to r , and tile m agnitude oil the rms phase

is irrelevant to the scattering behavior . Contours of constant 5, have
4

the for m U const ., or , from Eq. (56),

~ 7
a~ O.a = const . (69)

Thus , if one were to make a diagram similar to tile Cohen-Singleton dia-

gra:-: for a power-law medium , the phase strength-of- turbulence, C , wou ld

replace -

~ 

and the Fresnel ar ea \ z / 4~~ would replace \z/n~ .

The degree to which Reg ion II is present depends crit ically on the

spectra l index a~ If a < 1.5 , S4 
doe s no t sig n i f i c a n t l y exceed unity.

For a � 1.5, howe ver. S4 
val ues substantially larger than 1 do occur.

When this happens , the contours are still given by Eq. (69). Thus , the

sca tt er i ng behavior in a strict power- l aw environment can be similar
1 ,1 to that predicted by the Cohen-Sing leton diagram for )z/r 2 

<~~ 1.

In fact , if a f inite outer—scale is introduced , then the Cohen-

Singleton tii agrat - ’ f or a puwer—law medium is sic- l Iar t o  tha t o f a gau ssian

k~~~ i~~~~ -

-~~~~ zi~~~~~~

.
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FIGURE 2 CURVES O F CONSTANT S4 ON A
PLOT OF Xz /r ~ vs. P0- -TAKEN FROM
SINGLETON (1970)

medium with tile outer sca le playing t h e  role of r .  B•:-caise t h e outer

sca le is at best indeter :einant in the L//mlt ’sp hlt cc - , h lowt-yer , sue -h i an

extrapolation is not useful  c r  da ta  inte -r p rc t at i  / 5 ~
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